
AIAA JOURNAL

Vol. 35, No. 8, August 1997

Fractional Integral Formulation of Constitutive
Equations of Viscoelasticity

Mikael Enelund,¤ ÊAsa Fenander,² and Peter Olsson ³

Chalmers University of Technology, G Èoteborg SE-412 96, Sweden

A fractional integral viscoelasticity model is discussed. The model has the same constitutive advantages as

the fractional derivative viscoelasticity model. Both models need few parameters to model the weak frequency
dependence of many engineering materials. Also, both models represent a causal relation between excitation and

response. The fractional integral model, however, gives a unique relation between excitation and response, whereas
the fractional derivative model needs initial conditions to give a unique relation. The fractional integral model is

incorporated into structural equations of motion. A time-discretization scheme for the solution of these equations
is outlined, and some examples are given.

Nomenclature
b = relaxation constant
C0 = applied force amplitude
D = fractional differentiationand integration operator
ÅD = distributional fractional differentiationoperator
E = instantaneousviscoelastic modulus
Erel(t ) = stress relaxation modulus
E a = a -order Mittag±Lef¯ er function
E 1 = relaxed viscoelastic modulus
F0 = applied force amplitude

F[ ]( x ) = Fourier transform
fi (t ) = memory kernel
f a (t) = memory kernel corresponding to fractional calculus

model
k = spring constant
k 1 = long-time spring constant

L[ ](s) = Laplace transform
M = mass
pk , qk = viscoelastic material parameters
R(t ) = applied force
r (t) = spring force
s = Laplace domain variable
t = time
u(t ) = displacement
v0 = velocity amplitude
a , b = fractional integral and derivative exponents
C = gamma function
D Ei = viscoelastic relaxation strength
D t = time step
d (t ) = Dirac delta distribution
e (t ) = strain
e 0 = strain constant
r (t ) = stress
r 0 = stress constant
x = Fourier domain variable and angular frequency

I. Introduction

I NELASTICITY or energy dissipation effects in structural dy-
namicsareoftenmodeledin the frequencydomain.Manyof these

models have weak physical signi® cance. The most used models are
the so-called hysteretic and viscous models. Both of these models
are in some sense practical to use, but are physically inappropriate
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in one way or another, e.g., the hysteretic model is noncausal. Al-
though time-domain viscoelastic models are available, they are not
widely used, partly because these models classicallydemand a high
number of parameters to accurately describe the observed material
behavior.

Many engineering materials show a weak frequencydependence
of their dynamic properties over a broad frequency range; see, e.g.,
Ref. 1. This weak frequencydependenceis dif® cult to describewith
classical viscoelasticity.By introducing fractional-order derivative
operators instead of integer-orderderivative operators in the consti-
tutive relations of linear viscoelasticity, the number of parameters
requiredto accuratelydescribethedynamicpropertiescanbe signi® -
cantlyreduced.The simplestuniaxialmodel containsonlyonesingle
fractional derivative operator acting on both stress and strain. This
model is commonly referred to as the fractional derivativemodel of
viscoelasticity. It has successfully been ® tted to experimental data
over a broad frequency range for several polymers using only four
parameters.2 Because this model contains (fractional)derivativeop-
erators,it requiresinitialconditionsto givea uniquerelationbetween
stress and strain. Further, when this model is incorporated directly
into the structural equations of motion a time differential equation
of nonintegerorder higher than two is obtained.One consequenceof
this is that initial conditions of fractional order higher than one are
required for solving the resultingequationsof motion.3 To avoid the
problems connected to the increased order of the structural equa-
tions, Enelund and Olsson3 used an equivalence to the fractional
calculus model of viscoelasticitycontaining a convolution integral.
The resultingequationofmotion is thenan integro-differentialequa-
tion of order two in time. A time-discretizationscheme for solving
the resulting equation is presented in Ref. 4 and later generalized to
three-dimensionalstates by Enelund and Josefson.5

Another formulation of the constitutive equation that is believed
to be potentially useful for the application to structural dynamics
is achieved by introducing fractional integral operators rather than
fractional derivative operators. The resulting constitutive equation
will then represent a unique relation between stress and strain. Be-
cause no derivative operators are introduced, there is no need to
increase the order of the structural equation when incorporatingthe
constitutive behavior. A constitutive relation of linear viscoelastic-
ity involving fractional integral operators is presented by Gl Èockle
and Nonnenmacher.6 This model was later discussed by Friedrich.7

In the present study a form of the fractional calculus model of
viscoelasticity containing a single fractional integral operator act-
ing on both stress and strain is presented. The fractional integral
form is compared to the forms containinga fractionalderivative op-
eratoror a convolutionintegral regardinguniquenessand admissible
domains.

Further, the incorporation of the fractional integral model into
the framework of structural dynamics is presented and analyzed.
Finally, a time-discretization scheme for solving the resulting
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equationsof motion involving the present fractional integral consti-
tutive equation is outlined, and some numerical examples are given.

II. Constitutive Equations of Linear Viscoelasticity
Different constitutiveequations are employed to describe the be-

havior of viscoelasticmaterials. The uniaxial stress±strain relation-
ship is often written in the time domain by use of integer-order
derivatives:

m

Sk = 0

pk

dk r

dtk
(t ) =

n

Sk = 0

qk

dk e

dt k
(t) (1)

Here, as in the whole study, isothermal conditions are assumed and
only uniaxial stress states are considered. Equation (1) is a differ-
ential equation, and it naturally needs initial conditions. Fung8 has
shown that these conditions are

j

Si = 1

pi

di ¡ 1 r

dt i ¡ 1
(0+ ) =

j

S i = 1

qi

di ¡ 1 e

dt i ¡ 1
(0+ )

j = 1, 2, . . . , maximum (2)

Here maximum is the largest of m and n. Material parameters pk

or qk in Eq. (2) not present in Eq. (1) are set to zero. Physically the
conditions in Eq. (2) mean that there is a direct relation between
stress and strain, i.e., there cannot initially exist a strain or a strain
derivativewithout there being any stress or stress derivatives.There
is reason to let the highest order of differentiation in Eq. (1) be
equal, m = n, assuming also that the highest-order parameters pm

and qn do not equal zero. If m 6= n the model will not be able to
give instantaneous response to a step in stress or strain.

To emphasize the inherent memory properties of the constitutive
model, the relation in Eq. (1) may be written in hereditary form:

r (t ) =
d

dt [* t

0

Erel(t ¡ s ) e ( s ) d s ] (3)

where Erel(t ) is the relaxation modulus, i.e., the stress response to
unit strain imposed at time t = 0. It is assumed that e (t ) = 0 for
t < 0. The constitutive relation in hereditary form, Eq. (3), is more
general than the relation in differential operator form, Eq. (1). To
describe the same viscoelastic behavior as Eq. (1) together with
the initial condition in Eq. (2) (in the case that m = n = N ), the
relaxation modulus should be chosen as

Erel(t ) = E ¡
N

S i = 1

D Ei (1 ¡ e ¡ t / bi ) (4)

Here D Ei and bi are the relaxation strength and the relaxation
time corresponding to the i th dissipative mechanism. The corre-
spondence between Eqs. (1) and (3) can be shown by applying the
Laplace transform to the equations (see Ref. 8). Note that Eq. (3)
does not need explicit initial conditions because they are automati-
cally accounted for.

The constitutive relation in Eq. (3) can be rewritten into a form
that is more convenient in the case of discontinuities in the strain
history. The form is obtained by carrying out the differentiation

r (t ) = E e (t) ¡
N

S i = 1
[ D Ei * t

0

fi (t ¡ s ) e (t) d s ] (5)

where E = Erel(0) and fi (t ) is the memory kernel corresponding
to the i th dissipative mechanism. The memory kernel is related to
the relaxation modulus as

¡
d

dt
Erel(t ) =

N

S i = 1

D Ei fi (t ) (6)

Constitutive equations that can be reduced to the form of Eq. (5)
clearly represent relations where the current stress does not solely
depend on the current strain but also on the previous strain history.

By using fractional derivative operators in the constitutive equa-
tion instead of integer derivative operatorsas in Eq. (1), the number
of parameters required to describe the weak frequency dependence
of damping over a broad frequency range can be signi® cantly re-
duced. The reason for this is that the Fourier transformof an integer-
order derivative operator is proportional to frequency raised to the
integer order, whereas the Fourier transform of a fractional-order

derivative operator is proportional to frequency raised to the frac-
tional order. The simplest uniaxial fractional derivative model uses
four parameters, and the constitutive equation is often written as

r (t ) + b a D a r (t ) = E 1 e (t ) + E b a D a e (t ), 0 < a ·1 (7)

(Ref. 2). Here E and E 1 can be identi® ed as the instantaneousmod-
ulus and the long-time modulus, respectively,whereas D a is a frac-
tional derivative operator of order a and b is a relaxation constant.
Bagley and Torvik9 claimed that Eq. (7) is both thermodynamically
and mechanically admissible under stationary harmonic excitation
if the parameters are subjected to the following restrictions:

E ¸ E 1 > 0, b > 0 (8)

A suitable de® nition of the fractional derivative of a function x(t)
is

D a x(t ) ´
dN

dt N [ 1

C ( q ) * t

0

(t ¡ s )( q ¡ 1)x( s ) d s ]
0 < q = N ¡ a ·1 (9)

(Ref.10),where N is an integer.Specializingthede® nitionin Eq. (9)
to the interval a 2 (0, 1), which is of interest for application to
viscoelasticity,yields

D a x(t) ´
1

C (1 ¡ a )

d

dt [* t

0

x( s )

(t ¡ s ) a
d s ] (10)

In the limit when a tends to one, D a tends to the ® rst derivative.The
Laplace transform of the fractional-orderderivative is

L[Da x(t )](s) = s a L[x(t )](s) ¡
n ¡ 1

Sk = 0

sk D a ¡ 1 ¡ k x(0+ ) (11)

(Ref. 10), where n is an integer such that n ¡ 1 < a ·n. Note the
occurrence of initial conditionsof fractional order in Eq. (11).

Equation (7) is, with the presentde® nitionof fractionaldifferenti-
ation, a differentialequationand it needs initial conditions.Enelund
and Olsson4 state that the appropriate condition is

D a ¡ 1 r (0+ ) = ED a ¡ 1 e (0+ ) (12)

whichmay be seen byapplyingthe Laplace transformto Eq. (7).The
conditionin Eq. (12) is a fractionallyintegratedformofHooke’s law,
i.e., it is a weaker condition than Hooke’s law. Note that the initial
condition allows for singularities in the strain. However, the work
done to deform the material should be bounded for states where
the linear viscoelasticmodel applies,which disquali® es unbounded
strains. Having this in mind, the initial condition can be taken as

r (0+ ) = E e (0+ ) (13)

which implies the condition in Eq. (12).
One way to avoid explicit use of initial conditions is to use a

distributional fractional derivative. Gel’ fand and Shilov11 use the
following convolution to de® ne the fractional derivative:

ÅD a [x(t)] = (x ¤ U ¡ a )(t ) (14)

where

U ¡ a (t ) =
ìï
í
ïî

t ¡ 1 ¡ a

C ( ¡ a )
t > 0

0 t < 0

(15)

The integral in Eq. (14) is (for a > 0) normally divergent and has
to be suitably regularized. By replacing a by ¡ a in Eq. (14) the
fractional integral of order a of the function x is obtained. The
integral (14) is then convergent for suf® ciently regular functions x .

The fractional calculus model of viscoelasticity as formulated
in Eq. (7) together with the initial condition in Eq. (12) can be
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formulatedin terms of a convolutionintegral; cf. Eq. (5). The kernel
is then of Mittag±Lef¯ er type (Ref. 3):

r (t ) = E e (t ) ¡ D E( f a ¤ e )(t) = E e (t ) ¡ D E * t

0

f a (t ¡ s ) e ( s ) d s

(16a)

with

f a (t ) = ¡
dEa [¡ (t / b) a ]

dt
(16b)

Here D E = E ¡ E 1 and E a is the a -orderMittag±Lef¯ er function,
which is de® ned as

E a (t ) =
1Sk = 0

tk

C (1 + a k)
(17)

(Ref. 12).

III. Fractional Integral Formulations
As indicated in the preceding section, there is, in general, more

than one way to write the constitutive relation of a viscoelastic
material. What is of interest here is speci® cally the relative advan-
tages of the possible formulations of the constitutive relation using
fractional calculus. Two different ways of formulating this rela-
tion have already been mentioned, namely, in terms of fractional
derivativeoperators [see Eq. (7)] and in terms of a convolutioninte-
gral [see Eq. (16)]. Obviously, an alternative to using the fractional
derivative formulation in Eq. (7) would be to formulate a relation
involving fractional integrals. Gl Èockle and Nonnenmacher6 have
suggested the following law (here rewritten into the notation of the
present paper):

r (t) ¡ r 0 + (1/b a )D ¡ a r (t) = E 1 (1/ b b )D ¡ b e (t ) + E[ e (t) ¡ e 0]

(18)

where, in fact, thermodynamical considerations imply a = b . In
Eq. (18), r 0 and e 0 are integrationconstants.Note how Gl Èockle and
Nonnenmacherarrive at Eq. (18). In brief, the authors start from the
standard linear solid model and perform (in order) the two opera-
tions of integrating and generalizing to noninteger integration, two
operations that do not, in general, commute. Another suggestionfor
a fractionalintegralmodel would be to formally invert the fractional
derivatives in Eq. (7). This is equivalent to putting the parameters
r 0 and e 0 to zero in Eq. (18), while imposing the restriction a = b :

r (t) + (1/b a )D ¡ a r (t ) = E e (t) + (1/b a )E 1 D ¡ a e (t ) (19)

Note that applyingthe a -orderderivativeto Eq. (19),assumingsuf® -
cient regularityof each term, Eq. (7) is obtained,but that the reverse
is not possible, in general. (This is why it was called a formal in-
version.) Also note that applying the a -order derivative to Eq. (18)
with a = b does not, in general, yield Eq. (7).

The model in Eq. (18) has been criticized by Friedrich,7 who
argues that it compares unfavorably with another model involving
fractional derivatives. From Ref. 7 it may be concluded that, when
the restriction a = b is imposed on Eq. (18), the model is ther-
modynamically admissible. The model preferred by Friedrich7 has
one parameter more than the model in Eq. (18) has, when a = b ,
and, therefore, gives a better ® t to experimental data. There are,
however, as will be discussedsubsequently,a number of advantages
to be gained from using fractional integrals rather than fractional
derivatives in the constitutive models.

A. Uniqueness
Consider the three models given by Eqs. (7), (16), and (19). To

make a comparison of the three formulations, one can begin by ob-
serving that Eq. (7) differs from the other two in the respect that it
[like Eq. (1)] requires to be supplemented by initial conditions to
representa unique relation between the stress and the strain history.
[Equivalently, one can say that the differential operator in Eq. (7)
must be interpretedas the distributionalderivative to yield a unique
relation between stress and strain.] In this respect it differs from
both Eqs. (16) and (19) because these, for a given strain history,
yield a unique stress. For Eq. (16) this is obvious.For Eq. (19), con-

sidered in a suitable functional framework, the uniqueness follows
from Fredholm theory because Eq. (19) can then be interpreted as
a Fredholm integral equation of the second kind (with a suf® ciently
regular kernel).

B. Regularity Requirements

The formulation in Eq. (7) imposes more restrictive conditions
on the strain and stress for the occurring integrals to be well de® ned
than do Eqs. (16) and (19). This is essentially the duality between
the regularity of the kernel and that of the function with which it is
convolved. Because the kernels occurring in Eqs. (16) and (19) are
less singular than the kernel occurring in Eq. (7), the local regular-
ity requirements on the strain are less severe in Eqs. (16) and (19)
than in Eq. (7). The most direct way of seeing this is by consider-
ing the distributional de® nition of the fractional differentiationand
integration operators in Gel’ fand and Shilov.11 The regularization
schemein this referenceputshigher requirementson the smoothness
properties of the functions on which the fractional differentiation
operator acts, than in the case of fractional integration. Note, how-
ever, that the mathematical smoothness requirements are in a sense
too permissive.Physical considerationsare more restrictivethan the
mathematical in the sense that the strains must all be bounded. Too
large strains would, of course, move the problem altogether out of
the linear regime.

IV. Structural Equations of Motion
Consideringa one-degree-of-freedom system consistingof a dis-

crete mass and a viscoelastic spring governed by a fractional calcu-
lus law, there are, corresponding to the various formulations of the
constitutive law, a number of different ways of writing the equation
of motion. First, the following replacements in Eqs. (7), (16), and
(19) are made.

Spring displacement

e (t ) ! u(t ) (20a)

Spring force

r (t ) ! r(t ) (20b)

Spring constant

E ! k (20c)

Long-time spring constant

E 1 ! k 1 (20d)

The equation of motion is, of course, Newton’s second law for the
one-degree-of-freedom system,

MD2u(t ) = R(t ) ¡ r(t ) (21)

where R(t ) is the applied force and M is the mass. In a previous
paper,4 a discussionof certain propertiesof the fractionalderivative
model for damping concerned the problems of what initial condi-
tions should apply. When one of the constitutivemodels in Eqs. (7),
(16), and (19) is combined with Newton’s second law one of the
following equations is obtained:

MD2u(t) + ku(t ) ¡ (k ¡ k 1 )( f a ¤ u)(t ) = R(t )

t > 0 (22a)

b a MD a D2u(t) + MD2u(t ) + kb a D a u(t) + k 1 u(t)

= b a D a R(t) + R(t), t > 0 (22b)

b a MD2 + a u(t ) + MD2u(t) + kb a D a u(t ) + k 1 u(t )

= b a D a R(t) + R(t), t > 0 (22c)

MD2u(t) + (M/b a )D ¡ a D2u(t) + ku(t) + (k 1 /b a )D ¡ a u(t)

= R(t) + (1/b a )D ¡ a R(t ), t > 0 (22d)
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The ® rst of these equations makes use of the memory kernel cor-
responding to the fractional derivative model. Here the constitutive
law used is on the Boltzmann form as in Eq. (16). The second and
third equationshave been derivedby applying fractionalderivatives
to Newton’s secondlaw [Eq. (21)] to eliminate the spring force from
this equation by means of the constitutive law in the Eq. (7) form.
The differencebetween Eqs. (22b) and (22c) is that in Eq. (22c) the
initial displacementu(0+ ) and the initial velocity Du(0+ ) are taken
to be zero and the compositionrule for fractionalderivativesis used
(see Ref. 10). The fourth equationhas been derivedby means of Eq.
(19), the integral form of the constitutive law.

A. Initial Conditions

Taking the Laplace transform of each of the equations of motion
indicatesthat the sets of initial conditionsappropriatefor Eqs. (22a±
22c) are

[u(0+ ), Du(0+ )] (23a)

[Da ¡ 1u(0+ ), u(0+ ), Du(0+ ), D a ¡ 1D2u(0+ )] (23b)

[Da ¡ 1u(0+ ), u(0+ ), D a u(0+ ), Du(0+ ), D a + 1u(0+ )] (23c)

respectively. Physical intuition seems to favor the set in Eq. (23a)
and, thus, the formulation (22a). For a fuller discussion, see
Refs. 4 and 13. In the latter reference it is stated that, in mechanical
applications,ª irritationaroseconcerningthephysicalinterpretation,
justi® cation and veri® cationº of the fractional initial conditions.

However,when turning to considerEq. (22d), which super® cially
is so much like Eq. (22b), it is seen that the set of initial conditions
required is the same as for Eq. (22a), i.e., the set in Eq. (23a). By
the simple remedy of using fractionalintegralsrather than fractional
derivatives, the required initial conditions are reduced to physical
ones. (The initial conditions are physical both in the sense that they
are suf® cient to determine the subsequent behavior of the system
and that they are straightforward to measure.)

B. Numerical Properties

The difference between Eqs. (22b) and (22c) is that in Eq. (22c)
the initial displacement u(0+ ) and the initial velocity Du(0+ ) are
taken to be zero. If the displacementu and its derivativesare zero for
negativetimes, t ·0, Eq. (22c)may besolvedin theFourierdomain.
The Fourier transformF[Da u(t )]( x ) of the derivative D a u(t ) may
then be written

F[Da u(t )]( x ) = (i x ) a F[u(t )]( x ) (24)

Here (i x ) a is the principal root and the Fourier transform is de® ned
as

F[u(t )]( x ) = * 1
¡ 1

u(t )e ¡ i x t dt (25)

After taking the Fourier transform of Eq. (22c), the Fourier trans-
form of the displacement may be solved. The displacement can be
transformed back into the time domain numerically. Note that the
restrictions on the initial conditions also give restrictions on the
loads that are applied to the system.

Another way of solving Eq. (22c), if the initial displacement and
all of its initial derivatives are zero, is to use a modal synthesis
methodas describedin Ref. 14. The order a of the derivativesis then
supposed to be (or to be approximated as) a rational number, a =
m/ n. By introducing a state-space vector containing the displace-
ment and its derivatives of order 1/ n, 2/ n, . . . , (2n + m ¡ 1)/ n,
the differential equation (22c) of order 2 + a is reduced to 2n + m
differential equations of order 1/ n, which are more easily solved.

Consider now Eq. (22a). In Ref. 4, an ef® cient numerical scheme
for solving this equation, subject to initial conditions according to
Eq. (23a), was given. One major advantageof that scheme, as com-
pared to an approachwhere the convolutionmust be evaluatedfrom
a computation of the memory kernel, is the complete avoidance of
any computationof f a . The schemetakes advantageof the following
property of the convolution term in Eq. (22a):

D a ( f a ¤ u)(t ) = ¡ (1/ b a )( f a ¤ u)(t ) + (1/ b a )u(t ) (26)

This time evolution property, combined with a truncated version of
Gr Èunwald’s de® nition of the fractional derivative together with the
backward Euler rule and Newmark’s method for integration of the
dynamic response, yields an ef® cient scheme for solving Eq. (22a)
under conditions in Eq. (23a), as described in Ref. 4.

V. Algorithm
When discretizing Eq. (22d), the problematic terms are the ones

containingD ¡ a D2u andD ¡ a u. The time evolutionof these terms can
be expressed by applying a suitable truncation of Gr Èunwald’s def-
inition of fractional differintegration,i.e., fractional differentiation
or fractional integration, as

n + 1(D ¡ a u) = ( D t ) a [ n + 1u +
n

S j = 1

B j ( ¡ a )n + 1 ¡ j u] (27a)

(Ref. 10) with

B j ( a ) =
C ( j ¡ a )

C ( ¡ a ) C ( j + 1)
(27b)

n + 1(D ¡ a D2u) = ( D t ) a [ n + 1(D2u) +
n

S j = 1

B j ( ¡ a )n + 1 ¡ j (D2u)]
(27c)

It is then assumed that the spacing in time is uniform, i.e., nu(t) =
u(n D t ). The calculation of B j ( a ) is simpli® ed by the recursion
formula

C ( j ¡ a )

C ( j + 1)
=

( j ¡ 1 ¡ a )

j

C ( j ¡ 1 ¡ a )

C ( j )
(28)

Note that it is necessary to compute and store all values m(D ¡ a u)
and m(D ¡ a D2u) form = 0, 1, 2, . . . , n. UnlessD ¡ a R(t ) canbe com-
puted analytically, it can be discretized from Gr Èunwald’s de® nition
as

n + 1(D ¡ a R) = ( D t ) a [ n + 1 R +
n

S j = 1

B j ( ¡ a )n + 1 ¡ j R] (29)

Using a nearly explicit Newmark’s method for time integration,
together with initial conditions on 0u and 0(Du), the displacement
solution at time n + 1t = (n + 1) D t is obtained as

n + 1u = nu + D t n(Du) + ( D t2/ 2) n (D2u) (30a)

and the velocity is obtained from

n + 1(Du) = n (Du) + ( D t / 2)[n + 1(D2u) + n (D2u)] (30b)

The updated acceleration n + 1(D2u) is obtained from a discretized
versionof Eq. (22d), togetherwith the expressionfor n + 1(D ¡ a D2u)
in Eq. (27c), as

n + 1(D2u) =
1

1 + ( D t /b) a
M ¡ 1[n + 1 R +

1

b a
n + 1(D ¡ a R)

¡ M( D t

b )
a n

S j = 1

B j ( ¡ a )n + 1 ¡ j (D2u)

¡ k n + 1u ¡
k 1
b a

n + 1(D ¡ a u)] (31)

where n + 1(D ¡ a u) is obtained from Eq. (27a). The initial accelera-
tion 0(D2u) is computed from

0(D2u) =
0 R/ M (32)

because the spring force is initially equal to zero.
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The nearly explicitNewmark’s method is known to be condition-
ally stable. In the purely elastic or undamped case, the critical time
step is given by

D tcrit = 2/ x max (33)

where x max is the highest elastic or undamped eigenfrequency.This
time step is believed to be conservative for a viscoelastic structure
because the structure weakens with increasing time, which results
in decreasing x max. For the present one-degree-of-freedom system,
the critical time step is taken to be D tcrit = 2/ p (k/ M ). Note that k
is the instantaneousor unrelaxed stiffness.

A suitablescheme for calculatingthe unknownsis as follows.The
initial acceleration 0(D2u) is obtained from Eq. (32). The updated
displacement n + 1u is directly obtained from Eq. (30a). Insertion of
n + 1u into Eq. (27a) gives n + 1(D ¡ a u), and the updated acceleration
is obtained from Eq. (31). Using this, the updatedvelocity n + 1(Du)
is obtained from Eq. (30b), and a new time step can be taken.

VI. Numerical Examples
Some numerical examples are presented to show the ability and

the purpose of the present fractional integral formulation and the
accompanyingalgorithmfor time integrationof transientresponses.

Consider the case where a = 1
2

and an impulsive loading, i.e.,
R(t ) = F0 d (t). As far as Eq. (22d) goes, this is equivalent to speci-
fying zero load but a nonvanishinginitial velocityand zero displace-
ment, i.e.,

R(t ) = 0, t > 0

u(0+ ) = 0 (34)

Du(0+ ) = v0 = F0/ M

In this case, the ® rst few terms of a series expansion,valid for small
times t of thedisplacementsolution,obtainedin theLaplacedomain,
are

u(t ) = v0t ¡
v0kt 3

6M
+

16v0(k ¡ k 1 )t
7
2

105Mb
1
2 p p

+ O(t 4) (35)

(Refs. 4 and 5). Figure 1 shows the numerically obtained displace-
ment solution and the time series expansion of the displacement
solution in the case of a =

1
2

and unit impulsive loading as de-
scribed in Eq. (34). The agreement between the numerical solution
and the time series expansion is good for small times, indicating
that the algorithm is accurate. For larger times, the solutions devi-
ate because the time series expansion is no longer valid. Figure 2
shows numerical displacement solutions in the case of a unit im-
pulsive loading as described in Eq. (34). The in¯ uence of different
values of the fractional derivative exponent a ( a = 1

3
, 1

2
, and 2

3
) is

displayed. Figure 3 shows numerical displacement solutions in the
case of a unit step load applied at t = 0 and homogeneous initial
conditions [i.e., u(0+ ) = Du(0+ ) = 0]. Also here, the in¯ uence of

Fig. 1 Displacement vs nondimensional time t/b for fractionally
damped one-degree-of-freedom system subjected to a unit impulse load
at time t = 0; time series expansions are valid for small times.

Fig. 2 Displacementvs nondimensionaltime for a fractionallydamped
one-degree-of-freedom system subjected to a unit impulse load at time
t = 0.

Fig. 3 Displacementvs nondimensionaltime for a fractionallydamped
one-degree-of-freedom system subjected to a unit step load at time t = 0.

different values of the fractional derivative exponent a (a = 1
3
, 1

2
,

and 2
3
) is displayed.

Consider now the case of an eigenfunctional load and homoge-
nous initial conditions, i.e.,

R(t ) = C0 f a (t ), u(0+ ) = 0, Du(0+ ) = 0 (36)

Here f a is the same as in Eq. (16b) and C0 is the amplitude with di-
mensionof force times time (Newton-seconds).The right-handsides
of Eqs. (22b) and (22c) vanish for this load, and homogenous ini-
tial conditionson all of the quantities in Eqs. (23b) and (23c) would
yield the trivialsolution.However, this is not thecasewith Eqs. (22a)
and (22d). They both predict nontrivialdisplacements for this load-
ing case. The right-hand side of Eq. (22d) can be expressed as

R(t ) + (1/ b a )D ¡ a R(t ) = C0(1/b a )D ¡ a d (t )

= C0(1/b a )[t a ¡ 1/ C ( a )] (37)

For the eigenfunctionalload, the ® rst few terms in a series expansion
of the displacement solution, valid for small times, obtained in the
Laplace domain, in the case of a = 1

2
are

u(t ) =
4C0t

3
2

3b
1
2 M p p ¡

C0t
2

2bM
+

8C0t
5
2

15b
3
2 M p p

+ O(t 3) (38)

Figure 4 shows the numerically obtaineddisplacementsolutionand
the time series expansionof the displacementsolution in the case of
a = 1

2
andunit eigenfunctionalloadingas describedin Eq. (36).The

agreementbetweenthenumericalsolutionand the time seriesexpan-
sion is good for small times,where the time seriesexpansionis valid.

Special consideration must be taken when computing the ini-
tial acceleration from Eq. (32), because the eigenfunctional load is
unbounded at t = 0. The singular part of the load is treated as an
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Fig. 4 Displacement vs nondimensional time t/b for fractionally
damped one-degree-of-freedom system subjected to a unit eigenfunc-
tional load at time t = 0; time series expansions are valid for small times.

impulse, and the value of the applied load at time t = 0 is regular-
ized so that the impulse will be correct. To obtain a ® nite value of
R(t ) at time zero, 0R is determined as

0R =
2

D t *
D t

0

R(t ) dt ¡ 1 R (39)

where 1R = R( D t ), which is ® nite and known beforehand.
Numerical values used in the preceding examples are M = 1 kg,

k = 2 N/m, and k 1 = 1 N/m, whereas b = 1 s in Figs. 1 and 4 and
b = 0.02 s in Figs. 2 and 3. The time steps chosen are suf® ciently
smaller than the critical time step in the elastic case. In Figs. 2 and
3, D t = 0.1 D tcrit is used based on accuracy considerations.

Similar examples have been studied in Refs. 4 and 5 when using
a convolution integral form of the fractional calculus model of vis-
coelasticity [cf. Eq. (22a)]. The calculated responses in the present
studyare in close agreementwith the ones reportedin Refs. 4 and 5.
However, when using the present formulation, the time histories of
both the displacementand the accelerationhave to be stored and in-
cluded in each time step. Unless the fractionalintegralof the applied
loadfunctioncanbe computedanalyticallyit has to be storedaswell.
In the case of the convolution formulation, it is suf® cient to store
the time history of the convolution term and include it in each time
step. This makes the convolutionform much more computationally
ef® cient.

The numerical differintegrationof unboundedfunctionsseems to
be troublesome. It is stated in Ref. 10 that the Gr Èunwald algorithm
[Eq. (27a)] is unique in not utilizing the value of the function in the
singular point (here t = 0) when obtaining the numerical differin-
tegration.Therefore, it should be suitable for computing fractional-
order derivatives and integrals of unbounded functions. However,
it seems that the Gr Èunwald algorithm converges very slowly in the
caseof fractionaldifferintegrationofunboundedfunctions,although
it is very suitable for differintegration of bounded functions. Con-
sider, e.g., the half-order integral of 1/ p ( p t ). The exact value of
this half-order integral is

D ¡
1
2 (1/ p p t) = 1 (40)

Figure 5 shows the approximation of the half-order integral of
1/ p ( p t ) by the Gr Èunwald algorithm utilizing a maximum of 1000
data points in the summation [cf. Eq. (27a)]. The numerically ob-
tained integral is less than the exact value, which is equal to 1 for
all t > 0. This example illustrates that there are dif® culties with the
numerical calculationsof fractional differintegrationof unbounded
functions.If the loadcontainsunboundedfunctions,fractional-order
integralsor derivativesof unboundedfunctionshave to be computed
for the present integral formulationin Eq. (22d) and for the formula-
tions in Eqs. (22b) and (22c). However, if using the convolutionfor-
mulation, as in Eq. (22a), fractional differintegrationof unbounded
functions is avoided.

Fig. 5 Numerical half-order integral of function 1/p (¼t) calculated
by the Gr Èunwald algorithm utilizing a maximum of 1000 data points;
exact value of the integral is 1 for all t.

VII. Concluding Remarks
A fractional integral constitutive equation of viscoelasticity is

presented.This equation representsa uniquerelationbetweenstress
and strain, i.e., no initial conditions need to be imposed. This frac-
tional integral model describes the same material behavior as the
fractional derivative model of viscoelasticity together with suitable
initial conditions.The fractional integralmodel compares favorably
to the fractional derivative model when incorporated directly into
structural equations of motion, in that it does not raise the order of
the equations. This means that as far as the resulting equations of
motion are concerned,only physical initial conditions are required.

A numerical scheme for time integration of responses for vis-
coelasticone-degree-of-freedom systemsgovernedby the fractional
integral constitutive equation is presented. The implementation re-
veals that the fractional integral model is in many respect similar
to the Boltzmann or convolution integral model [cf. Eqs. (16) and
(22a)]. A drawback of the fractionalintegralmodel is that it requires
that the time histories of the acceleration and the displacement are
storedand included in each time increment.Further, if the fractional
integral of the applied load functioncannotbe obtainedanalytically,
the load history has to be stored as well. If the convolution integral
form is used, only the time history of the convolution term needs to
be stored. It may also be noted that the convolution integral model
handlessingular loads better than does the fractionalintegralmodel,
because there is no fractional integral operator applied to the load.
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